A holobiont is a composite organism consisting of a host together with its microbiome, such as a coral with its zooxanthellae. The intimate integration of microbiomes with their hosts implies 3 to some that the holobiont is a unit of evolution and moreover, that selection on holobionts is an important evolutionary force. Skeptics argue that vertical transmission of microbiomes is too uncommon for holobiont selection to be evolutionarily important. What has been missing is a 6 simple conceptual mathematical model to assess how holobiont selection may operate. Here I present two variants of such a model. In one variant, juvenile hosts obtain microbiomes from their
Introduction
This paper develops a simple conceptual mathematical model for the evolution of holobionts. 21 A holobiont is a composite organism consisting of a host together with its microbiome (Margulis 1991) . A microbiome is an "ecological community of commensal, symbiotic, and pathogenic microorganisms" that shares the "body space" of a host (Lederberg & McCray 2001) . The hologenome 24 is the union of all the host genes with all the genes in its microbiome (Zilber-Rosenberg and Rosenberg 2008) . To these definitions I add the following: a hologenotype is the configuration of the hologenome in an individual holobiont, and holobiont selection is the differential reproduction 27 and survival of holobionts depending on their hologenotypes.
Many researchers have suggested that a holobiont is a unit of selection in the sense that selection operates on the combination of the host together with its microbiome as a unit (Woese and intimate integration between hosts and their microbiomes in physiology, anatomy, and development and argue that this integration itself is evidence of the power of holobiont selection to produce host/microbiome coadaptation. 42 Other researchers are unconvinced that holobiont selection actually accomplishes the evolutionary results claimed for it (Booth 2014 , Moran & Sloan 2015 , Douglas & Werren 2016 , Hester, Barott, Nulton, Vermeij, & Rohwer 2015 , Skillings 2016 , Chiu & Eberl 2016 3 mann 2016, Doolittle & Booth 2017) . They observe that vertical transmission of microbiomes from parental hosts to juvenile hosts is uncommon. Instead, juvenile hosts usually acquire microbiomes from the surrounding environment in processes that amount to horizontal transmis-48 sion. Hence, the microbiome in a host is effectively an acquired trait, Because the microbiome is not inherited, holobionts presumably cannot evolve through holobiont selection. The skeptics acknowledge the existence of host/microbiome integration, but deny that holobiont selection is 51 necessary to account for the evolution of this integration. They note further that microbiomes are not necessarily helpful to the host, but can contain pathogens that hurt the host. They argue that a balanced view of the host/microbiome relation would include more mention of delete-54 rious microbes to supplement the mutualistic microbes emphasized by the holobiont selection proponents.
The response of holobiont selection proponents to the objections raised by the skeptics is 57 to demonstrate that vertical transmission is actually more common that the skeptics claim. The microbiome does not need to be contained in the gametes of the parental host to be considered as being transmitted vertically. The parental host's microbiome may colonize (or infect) the juveniles 60 during birth, for example during passage through the birth canal in mammals, or from contact with nest material in birds, and so forth. Although the skeptics may be underestimating the amount of vertical transmission of microbiomes, this response by the proponents still remains 63 unsatisfying. For example, in a few species of corals the zooxanthellae are transmitted vertically in the coral's gametes (Hirose & Hidaka 2006) . But the vast majority of zooxanthellae are acquired from the open sea water surrounding the coral (Babcock, Bull, Harrison et al. 1986 , Trench 1993 . 66 So, the matter of limited vertical transmission remains a difficult point of holobiont selection proponents.
On the other hand, the holobiont selection skeptics face the reality that extensive and intricate 69 host/microbiome integration has indeed evolved somehow. The skeptics have to argue that classic coevolutionary selection operating on the separate host and microbiome genotypes can produce the integration. Although coevolutionary selection does indeed lead to co-adaptations in 72 4 plant-pollinator and damselfish-sea anemone associations and so forth, the degree of integration between host and microbiome seems of an entirely different scale than that seen in familiar examples of coevolutionary coadaptation. The skeptics have to argue that given enough time, 75 then coevolutionary selection will eventually yield the degree of host/microbiome integration highlighted by the proponents.
So, at this time, two quite reasonable alternative positions occur with respect to holobiont 78 selection. The proponents face the difficulty of dealing with the mode of microbiome transmission. The skeptics face the difficulty that coevolutionary selection apparently does not lead to the deeply integrated coadaptation that occurs in the host/microbiome relation. 
The Hologenome
The hologenome includes multiple components in a hierarchy. Figure 1 abundance of these taxa in each niche can vary among holobionts-Holobiont-A has three circles In the hologenotype description the number of microbes is normalized to a standard host 105 cell. For example, if Holobiont-A as a whole is comprised of 1000 host cells, 3000 green circle microbes and 2000 brown rectangle microbes, then its hologenotype description, H A , records 1 host nucleus, 3 green circles, and 2 brown rectangles as shown in Figure 1 . 108 A complete model of holobiont evolution predicts the trajectory through time of the hologenotype numbers for a holobiont population.
To compare the evolutionary outcomes of vertical and horizontal transmission, the special 111 case of hologenotypic variation in microbe number, assuming one host niche, one microbial taxon, and no allelic variation in host or microbe genomes is sufficient. The microbe may be either a pathogen or a mutualist.
114

Vertical transmission
Three processes occur as sequential stages within each host generation, as shown in 
Microbial Mixing
Each microbe has a small probability, m, of exiting its holobiont and entering a temporary "transfer pool." Then the total transfer pool is divided equally across the holobionts. Each holobiont 123 receives the same number of transfers. Hence, holobiontsthat had few microbes to begin with receive a net increase in microbe number and holobionts with many microbes to begin with incur 7 Figure 2: Sequence of processes with vertical transmission of parasitic microbiome. a net decrease.
126
A small m is consistent with limited microbe interchange across hosts. The holobiont population needs limited horizontal mixing even though parents primarily transmit microbes vertically to their offspring. Otherwise, if m is 0, then holobiont selection reduces to clone selection on the 129 hosts whereby the host clone with lowest number of parasites or the largest number of mutualists becomes fixed. Furthermore, if m is 0, then empty hosts cannot be colonized.
Microbial Proliferation 132
The microbes within each holobiont increase according to a density-dependent ecological population model. A single microbe strain obeys the logistic equation and multiple competing strains follow the Lotka-Volterra competition equations. 
Holobiont Selection
Each holobiont reproduces as a whole. The number of progeny a holobiont produces depends on the number of microbes in it. Parental holobionts transmit their microbes to their juveniles 138 such that the number of microbes in each juvenile equals the number of microbes present in its parent. In the case of microbial parasites in Figure 2 , the holobionts with the lowest number of microbes leave the largest number of progeny and conversely for microbial mutualists in Figure 3 .
141
Holobiont reproduction and survival is independent of the density of holobionts.
Iteration of the macro time step with these three stages generates a trajectory of holobiont abundance and the hologenotype frequencies through time.
144
The equations for the model and instructions for how to download the model from the web appear in the mathematical appendix. Figure 5 show screen shots of the histogram through time of the hologenotype frequencies for parasitic and mutualistic microbes. In both figures iteration of macro time steps leads from an initial uniform distribution to a stationary distribution of hologenotype frequencies 150 at which holobiont selection balances microbial mixing.
Results
Figures 4 and
In Figure 4 holobiont selection leads to a preponderance of holobionts with fewer parasites than initially. In Figure 5 holobiont selection leads to a preponderance of holobionts with more 153 mutualists than initially. In the model's picture display (not shown), the holobionts with a parasitic microbiome change through time from 50% brown to almost no color and holobionts with a mutualistic microbiome change through time from 50% green to nearly solid green.
156
The stationary distribution of hologenotype frequencies partly depends on the initial condition. An historical accident affecting the initial condition may influence the outcome of holobiont selection in this scheme of microbial mixing.
159
Microbial mixing homogenizes the hologenome and retards the progress of holobiont selection, reinforcing an intuition that effective holobiont selection requires faithful vertical transmission of microbes with limited horizontal mixing.
162
For parasites, microbial proliferation acts in opposition to holobiont selection. By increasing the microbe's intrinsic rate of increase and/or the number of micro time steps the virulence of the parasite is increased. This increased virulence can overtake holobiont selection, leading to 165 holobiont extinction.
These findings support comparable conclusions about the evolution of gut microbiota via host epithelial selection (Schluter & Foster 2012).
168
In reality, much of the microbiome does not colonize vertically. Thus, another variant of the model is needed.
One possible modification to the model is to allow the mixing probability, m, to equal 1, 171 implying that every microbe leaves its host to enter the transfer pool only to be redistributed 
Microbial Proliferation
186
The microbes within each holobiont increase according to density-dependent ecological population models, as before.
Holobiont Selection
189
Each holobiont reproduces as a whole. The number of progeny a holobiont produces depends on the number of microbes in it. Upon reproduction all the microbes produced from the holobionts enter a common microbe source pool and all the juvenile hosts join a common host source pool.
192
For microbial parasites holobionts with the lowest number of microbes leave the largest number of progeny and conversely for the microbial mutualists. Holobiont reproduction and survival is independent of the density of holobionts. Here too the virulence of the parasites can overcome the holobiont selection if the parasite intrinsic rate of increase is high enough and/or the number of micro time steps large enough.
207
Discussion
Although the qualitative outcome of holobiont selection is similar with both horizontal and vertical transmission, the underlying evolutionary processes are different.
210
In vertical transmission, microbes incorporate into a host lineage as an extension of the host's genome. Microbial mixing loosens the microbe/host association, reducing the impact of the holobiont selection.
213
In horizontal transmission, beneficial microbes flood the microbial source pool leading to assembly of the next generation's holobionts with an increase in microbe number because the ratio of microbes to hosts has increased. Conversely, the limited production of parasitic microbes 216 dilutes the microbial source pool leading to holobiont assembly with a decrease in number of microbes because the ratio of microbes to hosts has decreased. The Poisson sampling of the microbes colonizing hosts guarantees hologenotypic variation for the holobiont selection to operate 219 on.
A difference between model variants is that horizontal mixing with vertical transmission destroys hologenotypic variation whereas the sampling process in horizontal transmission produces 222 hologenotypic variation.
With vertical transmission, a holobiont's microbial abundance is inherited by lineal descent, albeit not as a Mendelian trait. In contrast, the process of hologenome assembly from the com-225 bined parental microbe production might be dubbed "collective inheritance".
Evolution by two modes of holobiont selection is reminiscent of evolution by two modes of group selection, one based on limited migration among demes in a metapopulation (Eshel 1972) 228 and the other based on trait groups in a population with a dispersal phase (Wilson 1975) .
Previous investigators have noted that holobiont evolution is, in a sense, Lamarckian because holobiont selection affects acquired rather than inherited traits (Rosenberg, Sharon & Zilber- In conclusion, the model here with its two variants demonstrates theoretically that holobiont selection is plausibly an important force in evolution because holobiont selection produces evo-249 lutionary change in holobionts with both vertical and horizontal microbe host transmission.
Conclusion
Holobiont selection is plausibly an important evolutionary force with both vertical and horizontal 252 microbiome transmission. 
Acknowledgments
State Variable Defined
The hologenotype numbers for a holobiont population through time are recorded in the matrix, H, where H(t, n) is the number of holobionts at time t containing n microbes. The top row of 261 H records the initial condition of the holobiont population. The model computes the row at t + 1 given the row at t; that is, after each macro time step, the model appends a row to H. The index, t, runs from 1, which is the initial condition, to t M + 1 where t M is the number of macro 264 time steps in the iteration. The index, n, runs from 0 to K, where K is the maximum number of microbes in a host. At the conclusion of t M macro time steps, H has become a matrix with dimensions, (t M + 1) × (K + 1).
267
The total number of holobionts through time is recorded in the vector,
and the total number of microbes through time is recorded in the vector,
Model Equations-Vertical transmission 270 Here are the three stages within a macro time step for the vertical-transmission variant of the model.
Horizontal Microbe Transfer Across Holobionts.
273
The total number number of microbes that enter the transfer pool is m G T (t), where m is the probability a microbe leaves its host. Regardless of the host they reside in, all microbes have the same probability of entering the transfer pool. Therefore, the number of microbes who enter the 276 transfer pool is simply m times the total number of microbes summed over all holobionts. The transfer pool is then distributed back equally across the holobiont population. The number of transfers received back from the pool per holobiont is then m G T (t)/H T (t), provided H T (t) > 0.
279
Every holobiont receives this number.
Putting the arrivals and departures together, yields a formula for the new number of microbes, n (t, n) in a holobiont that formerly contained n microbes at time, t.
282
This formula says the new number of microbes in the holobiont equals the number there previously minus the number that departed plus the number that arrived.
The n (n) must be an integer. To avoid considering fractional microbes, Equation (3) is rewrit-285 ten as,
where the symbol x indicates the nearest integer to x.
The number of holobionts with n microbes after the horizontal transfer, H (t, n), then is found 288 by accumulating over i the holobionts whose microbe composition has changed from i to n .
To see how this equation works, take a particular holobiont composition after horizontal transfer.
Ask, for example, how many holobionts have exactly three microbes in them after the horizontal 291 transfer has completed? H (t, 3) is found by summing over H before the transfer started and using only the terms for the holobionts who wound up with 3 microbes after the transfer was over. If the summation is indexed with i, then the terms to include in the summation are those 294 20 for which 3 = n (i). These are the terms for holobionts who started with i microbes and wound up with 3 microbes. The same logic applies to H (t, n) for any n.
Microbe Proliferation Within Holobionts.
297
The next step is for the microbes to proliferate within their holobionts. If a holobiont starts with n microbes, then after one micro time step, the number of microbes in it is F(n), where F(n) is a demographic model for population growth.
300
The widely used logistic equation predicts sigmoid population growth with the population size leveling off at K, the carrying capacity. The speed of population growth initially, is r, the intrinsic rate of increase. Here, the model is written using a general F(n) to indicate that any 303 suitable demographic model may be used, not necessarily the logistic equation.
Let t m be the number of micro time steps per macro time step. After t m steps, the microbe population will have grown in size to 306 n (n) = F t m (n)
where F t m (n) is the t th m iterate of F(n). To avoid fractional microbes, the nearest integer is taken, yielding n (n) = F t m (n)
The number of holobionts with n microbes after microbe proliferation, H (n), then is found 309 using the same logic as in the preceding stage, by accumulating over i the holobionts whose microbe composition has changed from i to n .
The microbe proliferation takes place in the holobiont population after the horizontal transfer 312 stage. Hence, H (t, n) appears in Equation (8).
21
Holobiont Selection.
Here the number of microbes within a holobiont does not change, but the number of holobionts 315 changes. The fitness of a holobiont with n microbes, defined as the number of progeny that the holobiont produces, is W(n). Therefore, the number of holobionts with n microbes after reproduction is simply 318
The holobiont selection takes place after microbe proliferation stage. Hence, H (t, n) appears in Equation (9). Fractional holobionts are not meaningful, so the preceding equation is modified to indicate that the nearest integer is intended 321
Overall, Equation (10) 
Next, the hologenotype numbers are found from a Poisson density function, P µ (n), normalized on the interval, [0, K], multiplied by the number of hosts at time t,
where P µ(t) (n) = e −µ(t) µ(t) n n! for n ≥ 0.
333
As before, the next step is microbe proliferation within their holobionts. F(n) is a demographic model for population growth, such as the logistic equation.
336
After t m steps, the microbe population grows in size to
The number of holobionts with n microbes after microbe proliferation, H (n), is found by 339 accumulating over i the holobionts whose microbe composition has changed from i to n .
The fitness of a holobiont with n microbes, defined as the number of progeny that the holobiont 342 produces, is W(n). Therefore, the number of holobionts with n microbes after reproduction is simply H(t + 1, n) = W(n) H (t, n)
Prior to the next macro time step, all the microbes leave their holobionts and join a microbe 
A new value of Poisson density parameter describing the average number of microbes per holobiont, µ(t + 1), is then computed for use at the beginning of the next macro time step.
351
Download Program
Short programs written in Mathematica are available for download at:
https://github.com/JoanKauai/Holobiont-Dynamics-Evolution.
354
The programs are supplied as both Mathematica Notebooks with an .nb extension and as Computable Document Format (CDF) files with an .cdf extension.
To use the .nb files one must have the Mathematica app which is quite expensive, although 357 available in many universities. The .nb files allow the user not only to run the programs and also to adapt and change them by modifying the Mathematica code.
Using the CDF files requires a free CDF player that is downloaded from Wolfram at: 360 https://www.wolfram.com/cdf-player/.
The player is analogous in principle to a PDF reader only here CDF files rather than PDF files are displayed. The CDF files are fully interactive and one can change the model parameters with 363 sliders. The only limitation to using CDF files rather than the notebook files is that one cannot modify the code of a CDF file.
If one is uncertain about whether to download the CDF player, one can use the CDF files 366 directly online with a web browser. The vertical transmission version of the model is found at: The CDF files run much faster when using the CDF player on a local computer, but clicking on these links provides a preview of how the programs work prior to deciding whether to download the player.
